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Summary In this report a new method for describing the shape and thickness of 2-D wall
bounded boundary layer velocity profiles is presented. The new method is based on calculating
parameters using simple integrals of the velocity profile. It is shown that these new parameters
can be used to describe both the inner and outer region of the turbulent boundary layer, as well as
laminar and transitional velocity profiles. Applied to experimental laminar-turbulent profiles, it
is shown that one of the new shape parameters foretells the beginning of the laminar-turbulent

transition on a flat plate at a much lower Reynolds number than the traditional H,, criteria.

Furthermore, using another new parameter it is shown that the transition to fully turbulent flow
may proceed as a discontinuous event.



1. Introduction

Prandtl [1] introduced the concept of a boundary layer for fluid flow past a solid over a
hundred years ago. Despite tremendous advances in the field, the mathematical tools for
describing the thickness and the shape of the velocity or temperature profiles of 2-D wall
bounded flows have remained rather limited. A consequence of this lack of descriptive tools is
that it is not possible to easily differentiate mathematically between laminar, transitional, and
turbulent velocity profiles. Currently the most common method is to calculate the shape

parameter H,,, which is the ratio of the displacement thickness and the momentum thickness.
For H,>2.59 the profile is considered laminar, for H |, <1.4 the profile is considered turbulent,
and for values of H |, in between, the profile is considered transitional [2].

There is no doubt that the H,, parameter has been useful for describing the shape and

detecting transition. However, one has to wonder whether there is some other mathematical
feature of the boundary layer velocity profile that could help identify and quantify transition
behavior. Most practitioners in the field can tell by a simple glance at a profile plot whether it is
laminar or turbulent. What property of the boundary layer profile makes this possible? The

shape parameter H , works but it is not obvious why it works. The question is, are there other,

possibly better, descriptive tools of the velocity profile. We believe this is in fact the case, as we
show below. In what follows, a new method of describing the thickness and shape of 2D wall
bounded velocity profiles is outlined. The new tools are useful for describing laminar, turbulent,
and laminar-turbulent transition velocity boundary layer profiles. Using one of these parameters,
we show that is possible to detect the onset of laminar-turbulent transition at a much lower

Reynolds number than the traditional H, method. Furthermore, another new parameter is able

to show the turbulent transition point as a sharply defined discontinuity when plotted versus plate
distance.

The new boundary layer description is an extension of an earlier work in which a
mathematically unique way of defining the boundary layer thickness and shape for laminar flow
was presented [3]. The method was based on the observation that, for laminar flow over a flat
plate, the second derivative of the stream-wise velocity (or temperature) in the direction normal
to the plate has a Gaussian-like profile. Borrowing from probability density function
methodology, the boundary layer was then described in terms of the central moments of this
Gaussian-like kernel. The most important results of this approach are: 1) a mathematically well-
defined measure of the laminar boundary layer thickness and 2) four additional parameters that
help describe the shape of the laminar boundary layer profile. These four parameters are the
mean location, the boundary layer width, the velocity profile skewness, and the velocity profile
excess. In the present report, this same second derivative based moment method is shown to
track the so-called “inner viscous region” of the turbulent boundary layer.

The question arose as to whether there are other integral kernels that could track the outer
region of the transitional and turbulent boundary layers rather than the just the inner region.

From an experimental standpoint, the stream-wise velocity u( y) measured at many points

normal to the plate ( y -direction) is the only easily accessible velocity quantity of the boundary
layer for flow along a plate or wedge ( x -direction). We therefore looked at a number of possible
integral kernels involving the stream-wise velocity profile and/or its derivatives. Various
possibilities were tested including 1—u(y)/u, (where u, is the free stream velocity at the



boundary layer edge) and the first derivative of the stream-wise velocity in the direction normal
to the plate. Both of these integral kernels can be shown to track the behavior of the outer region
of the turbulent boundary layer. It must be emphasized that all of these new moment-based
parameters are calculated as simple integrals of the experimental profile data.

To demonstrate the utility of the new descriptive tools, experimental data for the laminar-
turbulent transition on a flat plate with a zero-pressure gradient are examined. The experimental
data sets are part of the ERCOFLAC test data generated at the Rolls-Royce Applied Science
Laboratory, Derby, U.K. and are available on the Internet. The data sets examined include the
T3A, T3Am, and T3B cases for laminar-turbulent boundary layer transition [4]. In order to
provide baseline data, we also examine purely laminar and purely turbulent data sets. For the
laminar flow case, we use the theoretical Blasius [5] solution for laminar flow on a flat plate.
For the turbulent flow case, we use the flat plate data from Osterlund [6]. We begin by first
reviewing the viscous boundary layer description and then introduce two new boundary layer
descriptions.

2. Moment Description of the Boundary Layer

2.1 Viscous Velocity Moments

In a recent paper Weyburne [3] introduced a boundary layer thickness description based on
the second derivatives of the stream-wise velocity u( y) in the direction normal to the plate (y -
direction). Since the second derivative of the velocity is related to the viscous term in the
momentum balance equation, we have termed this the “viscous” boundary layer description. To
put the new formulation in the proper perspective, we first briefly review the relevant equations
for this viscous boundary layer description.

The mathematical description of the viscous boundary layer region borrows from probability
density function (PDF) methodology and is based on central moments of the second derivative-
based kernel. For wall-bounded 2-D flow over a wedge, we define the viscous velocity
boundary layer nth central moment, A, as

s & fopu(n)u,) (1)
dy* ’

where y=h is deep into the free stream, u, is the free stream velocity at the boundary layer edge,

h
A, = [dy(y-m)
0

and where the first moment about the origin, g, is the normalizing parameter obtained as the

requirement that the zeroth moment have a value of unity. The derivative in Eq. 1 is written in
this way to emphasize the probability-density-function-like behavior. To completely encompass

all flows between laminar and turbulent, we emphasis that the velocity « (y) used herein is the
time-averaged mean value of the stream-wise velocity.
Borrowing from probability density function language, the first moment about the origin, y,

is called the “mean” location of the viscous boundary layer. The mean location of the viscous
boundary layer £, can be shown to be given by



U, du(y) @)
lul dy y=0 ’

which means it is related to the wall shear stress 7,, by u, = pvu, /7, where v is the kinematic

viscosity and p is the density. The second central moment is related to a parameter we call the
viscous boundary layer width given by, = /4, . The physical description of the shape of the

viscous boundary layer is extended by using the third and fourth moments to define the viscous
boundary layer skewness y,, = A,/c. and the viscous boundary layer excess 7, =4, /o, —3.

Borrowing from probability density function methodology, the definition of the viscous
boundary layer thickness J,, defined as the point at which the viscous contributions to the

stream-wise velocity component becomes negligible, is taken as o, = u,+20,. It should be

noted that the probability community sometimes uses the mean plus three times o (or even six
times o as in “six sigma”) instead of two sigma as used herein. Any of the definitions can be
used as long as it is clear which of the definitions is being used. The two sigma value was
chosen so that o, approximately tracks the 99% thickness oy for laminar flow.

In order to calculate the moments in Eq. 1 without having to differentiate the experimental
data, a process known to cause problems when noise is present, we introduce a set of auxiliary
integrals given by

h 3)
a, = Idy y" (l—u(y)/ue)
0

By integrating by parts, it is a simple matter to show that the viscous moments are given
by A, = —u; +2ua,, A, =2u) —6pia, +6ua,, and A, = =34 +12uj0, = 24470, + 12,0,

respectively. Note that ¢, is equal to the displacement thickness o .

2.2 Velocity Derivative Moments

In addition to the second derivative kernel, we investigated other integral kernels for
describing the boundary layer. After looking at various possibilities, we found that the kernel
based on the derivative of the stream-wise flow velocity in the direction normal to the plate has
the right PDF-like characteristics. We therefore define the derivative of the stream-wise velocity
boundary layer nth moment, x, as

“4)

K

n

t n diu(y)/u,
!dy(y_é‘l) {“+y”} ,

such that x, is normalized to one, y =h is deep into the free stream, and the mean location of

the derivative of the stream-wise velocity profile is the displacement thickness o, given by

h (5)
6 = [dy {1-u(y)/u,}
0



The stream-wise velocity boundary layer width is defined as o, =,/x, . To calculate these

moments without having to calculate the derivative, we can integrate by parts and use the set of
auxiliary integrals «, given by Eq. 3. This means that stream-wise velocity boundary layer

width, for example, can be calculated without differentiating the data, as o, =-6&7 + 2a,. Just

as in the viscous boundary layer description, we extend the physical description of the velocity
derivative boundary layer by using the third and fourth moments to define the velocity derivative

boundary layer skewness y, =k,/c. and the velocity derivative boundary layer excess
7,, =k, /o —3. Integrating by parts and using «,, it is easy to show that the third and fourth
moments are x, = 25, —63,a, +3a, and x, =35, +1267 e, —128,a, +4a,.

The definition of the stream-wise boundary layer thickness o, is defined as the point at which

the stream-wise velocity derivative components become negligible. To approximately track the
99% thickness Oy, for turbulent flow, the thickness is taken as 6, =&, + 30,.

2.3 Velocity Profile Moments

In addition to the derivative kernels, we posit that the velocity boundary layer may also be
described in terms of moments of 1—u(y)/u,. Thus, we define the velocity boundary layer nth

moment¢, as

h

a1
6 = [dy(y=m) —Al-ufu} (©)

0 1

such that £, is normalized to one, y =/h is deep into the free stream, and where the mean
location of the stream-wise velocity profile is given by

h
1
m = '[dyyg—{l—u(y)/ue} . (7
0

1

The velocity boundary layer width is defined as o, = /¢, . It is straightforward to calculate the

skewness and excess using the first four moments. The boundary layer thickness o, will be

defined as o, =m+30,. Notice that these velocity profile moments are closely related to the
set of auxiliary integrals given by &, (Eq. 3). This means that all three of the moment-based

descriptions can be calculated using the auxiliary integrals «, (Eq. 3).

3. EXPERIMENTAL APPLICATION
3.1 Laminar Flow

Before we look at the laminar-turbulent transition, it is necessary to provide a laminar flow
baseline description. For the laminar flow case we will use the Blasius [5] boundary layer



solution to the flow-governing equations that is known to describe experimental laminar flow

profiles very well [2]. It is easily verified for the Blasius flow that &, =1.7209,/vx/u, and that
the stream-wise boundary layer width on the flat plate is given by o, =1.1852\/vx/u, . This

means that the stream-wise boundary layer thickness is given by &, =5.3\/vx/u, . The physical

description of the “stream-wise” velocity boundary layer is extended by using the third and
fourth moments to define the stream-wise velocity derivative boundary layer skewness,

Vs =K, / o) and the stream-wise velocity boundary layer excess 7,. =k, / o!—3. For the
Blasius flow case, the third moment is given by &, =1.1647(vx/u, )3/2 which means that

7, =0.70. Finally, the fourth moment is given by &, = 6.0(vx/u, )2 which means that

7,, =0.041. Note that if the velocity derivative profile was purely Gaussian then 7, =y, =0.

The results for all three moment method descriptions of the Blasius solution are summarized
in Table 1. Laminar-like flow is indicated when the ratio of the velocity or first derivative
moment thickness parameters to the viscous second derivative boundary layer thickness
parameter values is similar to the values calculated from Table 1.

Table 1: Laminar Flow Boundary Layer Parameters

Kernel Mean Location Width Skewness Excess

Second Deriv. 4 =3.0115vx/u, o, =1.138\Jvx/u, 7, =029  y, =-0.08
First Deriv. 5, =1.7209/vx/u, o, =1.185/vx/u, 71, =0.70 7, =0.04

Velocity m=1.2685,/vx/u, o, =1.004vx/u,  y,=1.046  y, =0.041

3.2 Experimental Laminar-Turbulent Transitional Flow

The ERCOFLAC experimental data considered herein consists of a series of velocity profiles
taken at various distances along a flat plate with a zero pressure gradient [4]. The intent of these
test cases was to investigate the effect of free-stream turbulence on the transition from laminar to
turbulent flow on a flat plate. There is considerable interest in being able to identify the point of
transition from laminar to turbulent flow. The one traditional method for detecting the onset of
laminar-turbulent transition is based on the shape factor H,,, which is calculated and then

plotted versus the reduced plate distance, Re, = xu, /v . The results for the three ERCOFLAC
test cases are presented in Fig. 1. The upper dashed line in the figure is the H,, =2.59 line for
laminar flow and the lower dashed line is the H, =1.4 line for turbulent flow [2]. The start of

transition is identified as the point where the plotted lines cross the dashed lines. As expected,
the data indicates that as the free-stream turbulence intensity increases from 1% (+) to 3% (x) to
6% (), the transition occurs at lower and lower Reynolds number.
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Now consider the thickness parameter g, plotted in Fig. 2 versus the Reynolds number for
the three test cases. The plots show three distinct behaviors. At the low Re_ side of each plot, all
three start with laminar-like behavior as evidenced by H,, (Fig. 1) or plots of o, / 4, (not shown
but which show ratios close to those given by Table 1). As the Re, initially increases, the y,
values increase until they peak. These u, values are laminar-like and have values close to those
calculated from Table 1. After the peak, the g, values begin to decline. We attribute this

behavior to transition profile behavior. Finally, there is an abrupt change in the slope and the
value of u, begins to increase again (except the T3Am case which Fig. 1 also indicates does not

reach the fully turbulent line). We believe the Re, at the point of the slope discontinuity is the
turbulent transition point and the profiles on the increasing x, side of the discontinuity are fully

turbulent profiles. In order to see this behavior better, we plot the sixteen velocity profiles for
the T3A case in Fig. 3. The laminar-like and turbulent-like profiles are labeled and color-coded

black. The one blue line profile corresponds to the peak x, value in Fig. 2. The red lines in
Fig. 3 correspond to the transitional profiles characterized by decreasing u, values. The
correlation to the behavior of the g, parameter is easily observable.

Thus far we have only considered the mean location g, . After examining a number of other

parameter plots and ratio plots, we found some very interesting behavior of the first derivative
skewness 7, (Section 2.2), shown plotted in Fig. 4. The dashed line represents the laminar flow



14 X
>|<III
. |I ||| i éé.}\’( \&
4 Turbulent-like 21 || X T
N fp( I| ,fl
ulu, g A ; /
. | f
@ II 74
. . S | + + +J'"
Laminar-like 0 1 ? St EF i
04 L
T v T v T T T 0 T T T T T T T T T
0 7 0 1x10° 2x10°
i, Re,
Fig. 3: The normalized T3A velocity Fig. 4: The skewness y, for the T3A (x),
profiles. T3Am (+), and T3B (%) datasets.

limit (Table 1). The plot indicates that for the T3Am (+) case, the flow profiles start to become
more skewed and begin to differ from the laminar flow-like behavior at Re, ~ 0.25x10°. This
is significantly earlier than the thickness-based criteria H,, (Fig. 1). This is not to say that
transition occurs at this Re_ but rather this is the point where we first observe the signs of an
impending transition. Plots of the first derivative excess y,, (not shown) also show similar

behavior to the stream-wise skewness.
In order to better understand what, exactly, these new shape parameters are seeing, it is
instructive to look at the T3Am data more closely. In Fig. 5, the first eight stream-wise velocity

profiles are plotted versus the reduced normal distance y/\/vx/u, corresponding to Re, ranging
from 1.23x10° (1W00908 dataset) to 1.04x10° (1WO01005 dataset). These data profiles were
chosen because, based on their H,, values (Fig. 1), they would traditionally all be categorized as

laminar flow profiles. For laminar flow, the velocity profiles should all collapse to a single
profile using the Blasius scalings. This is obviously not the case as shown in Fig. 5. It is clear
from Fig. 5 that the profile behavior close to the wall is changing in a systematic way according
to the Re, . The profile shape near the wall is changing but there is almost no change in the
shape in the outer region, indicating that the profile shape is becoming skewed, just as is
indicated by y,.  in Fig. 4. Thus, the new shape parameters y, and y, are capturing boundary

layer profile information that the traditional parameters were not.
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3.3 Turbulent Flow

For the turbulent boundary layer, the determination of the skin friction coefficient ¢, is of

is difficult

to measure experimentally. From velocity profile data, the Clauser chart method can be used to
calculate ¢, but it is an indirect method requiring certain assumptions. The viscous thickness

much interest. The skin friction coefficient, or equivalently the wall shear stress 7

w?

; offers a new way of calculating ¢, and 7, from velocity profile data. The thickness x,; can

be calculated by twice numerically differentiating profile data, then integrating the result, and
noting 4, =1 (Eq. ). Once g, is calculated, ¢, and 7, can be calculated using Eq. 2. We

have tested this method on a number of high quality, low noise datasets. For example, we found
that 4, calculated from Osterlund’s [6] SW981129 (10 profiles total) profile data deviated by no

more than +3% from the g, calculated using Osterlund’s reported oil-interferometry-based
cydata. In Fig. 6 we show the calculated second derivative profile data for this data set.

Numerical differentiation is known to be problematic in the presence of noise so that the
technique will only be usable for data taken with modern technology such as used to gather
Osterlund’s data sets.

The laminar-turbulent flow data indicates that the new shape and thickness parameters have
a lower limit consistent with the laminar flow predicted from the Blasius theoretical profile. The
question is whether there is an upper limit for the parameters for fully turbulent flow, i.e. does



0,/ u, , for example, tend to some numerical constant as the Reynolds number increases. The
ratio o,/ u, 1s interesting because it tracks the outer layer thickness to the viscous inner layer

thickness. As a first attempt to answer this question, we examine the purely turbulent
experimental data from Osterlund [6] along with the T3B test case, which has some transitional
and turbulent profiles (Fig. 1). In Fig. 7 we plot the mean thickness ratio, &,/ u, for the T3B

transition case (*) and three of Osterlund’s
turbulent data sets, SW981129 (x), SW981005
50— . . ‘ . (+), and SW981113 (o) test cases. The test
cases were chosen to span Osterlund’s full Rey
range. The lower dashed line at o,/ u,~0.57

[ 1

/" corresponds to the laminar flow limit (see Table
J 1). This plot indicates that there does not appear
/ to be an upper limit for the thickness ratio,
0,/ u,. Likewise, plots of the stream-wise

5

el
|

o

o,/ o,, the skewness, y,., and the stream-wise
4—+ excess, y,, (not shown) do not show an upper

limit. Thus, in all cases there does not appear to
A be an upper limit to any of the new parameters
r for turbulent boundary layers.

Mean Location Ratio,
N

<
f 3.4 Numerical Calculation of Parameters
¥

o_ﬁ, ------------- Sz g The free stream velocity was used in all cases
0 1x10’ 210’ as the normalizing constant for the stream-wise
Re velocity. It was found that in so doing, the

& normalized values outside the boundary layer

Fig. 7: &,/ u, for T3B (%), SW981129 (x), region (i.e. nominally in the free stream)

fluctuated a few thousands about one. This
SW981005 (+), and SWI81113 (o) datasets. fluctuation caused nontrivial contributions to the

calculated higher-order moments. To avoid this

problem, we rounded all the normalized velocities that were nominally in the free stream to one.

The free stream starting point was taken as the first point at which the velocity ratio was greater
than or equal to one.

For the numerical calculation of the integrals reported herein, the Trapezoidal Rule was used

and the data point, #(0) = 0, was added to every data set. For all of the moment values except the

viscous mean location g, the various new parameters were calculated without numerical

differentiation using the auxiliary integrals ¢,. In fact, all of the above parameters can be
calculated with only four integrals of the velocity profile; «,, ,, a,, and a, (Eq. 3). For the
older datasets, the parameter x4, was calculated from the reported experimental values of the

skin friction coefficient. For certain newer datasets, like Osterlund’s datasets, the integral-
moment-calculated g, values were in good agreement with the values calculated using the

reported skin friction coefficient data.

10



4. Discussion

This new boundary layer moment method is taken directly from the standard mathematical
method for describing probability density functions and is already the standard method for
describing the temporal behavior of the turbulent flow velocities. Herein, we propose that the
probability density function methodology be used to describe the spatial behavior of the velocity
profiles as well. The most important result of this approach is that for the first time, we have a
mathematically well-defined way to describe the boundary layer thickness and shape. Recall that
Schlichting [2] states that ‘It is impossible to indicate a boundary-layer thickness in an
unambiguous way, because the influence of viscosity in the boundary layer decreases
asymptotically outwards.”” The moment-based method apparently lets us do the impossible.
Furthermore, the new boundary layer parameters each have a direct physical interpretation as to
the thickness and shape of the profile (e.g. the mean location, the skewness). It is not clear what
the traditional shape parameters such as H,, are actually describing.

Not only are the new parameters mathematically well defined (as opposed to &, for

example), but we now have a set of parameters that truly help define the shape of the profile in
the skewness and excess. There are no traditional analogs of these parameters. The traditional

H,, and related “shape” parameters are not shape parameters in any normal mathematical sense.
Consider the first derivative skewness y,, (Section 2.2) shape parameter for example. The
skewness 7, is able to see the early signs of laminar-turbulent transition thereby providing a

more accurate method of predicting the onset of the transition than the normal criteria H,,
(compare Fig. 1 to Figs. 4 and 5).

ot e 0 The difficulties in understanding turbulent

/ flow behavior have led to the practice of
¥ modeling the turbulent profile as two regions,
an inner and outer region. The inner region of
the turbulent boundary layer is often called
/ the viscous layer since viscosity effects are
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Fig. 8: ¢,/ u, for T3B (%), T3A (x), and

T3Am (+) datasets.
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X important in this region. From the flow

governing equations, it is self-evident that the
viscous effects region will be significant
where the second derivative of the velocity is
significant. It follows, therefore, that the
viscous sublayer can be characterized by
moments of the second derivative profile.
The new first derivative velocity-profile-
based parameters and the velocity-profile-
based parameters described herein were
introduced to track the outer region of the
velocity profile. Thus, for the first time we
have a way of simultaneously tracking both
the inner and outer regions of the turbulent
boundary layer. The ratio of the mean
locations should, therefore, provide useful



information as to the behavior of the inner and outer regions of the velocity profile. To verify
this, we plot the ¢, / u, ratio for the three ERCOFLAC test cases in Fig. 8. The dashed line
corresponds to the laminar flow ratio (Table 1). It is readily evident that the ratio starts to differ
from the laminar-like flow at the point where transitional velocity profiles begin to appear. Note
that the thickness ratios, such as H,, and ¢, / M, , are not effective at seeing the early signs of

transition as was the case with the skewness y, . Taking Figs. 2 and 8 together, we can see that

for fully turbulent-like flow, the outer boundary layer is expanding much faster than the inner
boundary layer region.
One of the unexpected findings is related to the identity of the displacement thickness &, .

Although this parameter has always been considered useful for calculating H,, for example, it
has never been considered a thickness parameter that tracks anything of importance in the
boundary layer. However, we now see that o, is the mean location of the first derivative of the
velocity profile (Section 2.2). Therefore, this parameter is actually tracking the outer layer
region of the boundary layer. Compare the thickness parameters from Section 2, such as ¢; and
m, to the often used 99% thickness 0y . The new thickness and shape parameters are all integral
quantities whose calculated value involves all of the data points in the data set. The
traditional &y, thickness, on the other hand, usually involves the use of only a few data points.
Furthermore, it is usually necessary to interpolate between the data points to find &y . Since the
actual functional form of the transition to the free stream for turbulent flow is unknown, then it is
not possible to fit for the Jy, thickness. Therefore the oy, parameter for turbulent experimental
datasets is simply ill defined. All one can do is to report a maximum and minimum value that
brackets the probable value of dy,. The use of the &y, parameter has persisted because there
have been no good alternatives until now. The new moment-based methods provide a set of
mathematically well-defined parameters and will always yield a calculated value (albeit with an
associated error bar). Furthermore, all of these new parameters, including the shape parameters,
can be calculated from only four simple integrals of the velocity profile, «,, a;, a,, and a,
(Eq. 3).

The new shape parameter p, shows very interesting behavior. To review, the x4, parameter is
the mean location of the second derivative of the velocity profile. If one plotted the second
derivative of the velocity, the profiles would be roughly Gaussian-like with the mean location

roughly corresponding to the maximum. Therefore, an increase in the value of g, means that

the center of the second derivative profile is shifting away from the wall. It also happens that
this parameter is inversely related to the skin friction coefficient (Eq. 2). The well-known
behavior of the skin friction coefficient change with Reynolds number during laminar-turbulent
transition on a plate [2] is being reflected in the plots of g versus the Reynolds number. What

is new herein is the realization of what exactly the correlation is between the changes in the skin
friction coefficient and the thickness of the viscous sublayer. One of the most distinctive
features of the plot of g, at different stations along the plate (Fig. 3) is the sharp, discontinuous

transition to turbulent behavior. It is not the gradual transition one would expect from looking at
the H,, plot (Fig. 1). The slopes of the lines before and after transition are noticeably different,
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indicating that the transition point may be a singular point. Not surprisingly, this feature is also
present in plots of ¢, versus Re,. The discontinuity makes it easy to determine the onset of

fully turbulent behavior. Consider the T3A case; according to the H,, plot (Fig. 1), none of the

T3A (x) profiles are fully turbulent-like. In contrast, Fig. 2 indicates that almost half of the
profiles are fully turbulent-like. The failure of the H,, prediction is a reflection of the fact that

the transitional H,=1.4 dividing line is based on experimental observations [2] and it should

surprise no one familiar with this type of parameterization that the actual dividing line varies
from experiment to experiment.

In the earlier paper [3], we considered both the velocity profile and the temperature profile for
laminar flow along a flat plate and showed that the temperature flow field can be described in a
moment-based manner similar to the velocity flow field. In the present paper, we restricted our
attention to the velocity flow case but we want to emphasize that the method is: 1) not restricted
to the description of velocity boundary layer but is also applicable to the temperature boundary
layer and 2) it is not restricted to flow on a flat plate but should have application to most, if not
all, boundary layer flow situations.

6. Conclusion

In conclusion, a mathematically unique definition for the boundary layer velocity profile
thickness and shape has been extended with a number of additional parameters useful in
quantifying the behavior of the velocity profiles of the laminar, turbulent, and transitional
boundary layers. The new parameters are able to detect the onset of laminar-turbulent transition
at a much lower Reynolds number than the traditional method. Utilizing the new parameters, it
was evident that the fully turbulent transition phase may be a singular point transition.
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